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Section I 

10 marks  
Attempt Questions 1 – 10 
Allow about 15 minutes for this section 

Use the multiple-choice answer sheet for Questions 1 - 10. 

QUESTION 1 

Of the following, select the statement that is TRUE for all real numbers 𝑥 and 𝑦: 

(B) If 𝑥" > 𝑦", then 𝑥 > 𝑦	 

(C) If 𝑥 > 𝑦, then #
$
< #

%
	 

(D) If |𝑥| > |𝑦|, then 𝑥 > 𝑦

QUESTION 2 

Given that |𝑧 − 2| = 2 and arg(𝑧 − 2) = "&
!

, which of the following is an expression for 𝑧?

(A) 𝑧 = 1 + 𝑖√3

(B) 𝑧 = 22 + √33 + 𝑖

(C) 𝑧 = 22 − √33 + 𝑖

(D) 𝑧 = 3 + 𝑖√3

QUESTION 3 

𝑂𝐴𝐵𝐶 is a rectangle with 𝑂𝐴88888⃗ = 3𝒊 − 2𝒋 + 2𝒌 and 𝑂𝐶88888⃗ = 6𝒊 + 4𝒋 + 𝑎𝒌 for some 

constant 𝑎.  What is the value of 𝑎? 

(A) −2

(B) −3

(C) −5

(D) −6

(A)             If x   >  y , then x > y3 3
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QUESTION 4 
 

Which of the following is an expression for  
 
 

(A)   sin'# D$'#
"
E + 𝐶     

(B)   sin'# D$(#
"
E + 𝐶 

(C)   sin'# D$'#
√"
E + 𝐶   

 
(D)  sin'# D$'#

√"
E + 𝐶 

 
 
QUESTION 5 

 
A particle is moving in a straight line with Simple Harmonic Motion.  At any time 𝑡 seconds it has 
displacement 𝑥 metres from a fixed point on the line and velocity 𝑣	ms'# given by 
𝑣" = 9 − 4(𝑥 − 1)".  What is the amplitude of the motion? 
 
(A)   1.5	metres       

(B)   2	metres 

(C)   2.5	metres     
 
(D)  3	metres 

 
 
QUESTION 6 
 

Consider the statement 
 

For any function f(x), f(x) is not continuous at 𝑥 = 𝑐 Þ f(x) is not differentiable at 𝑥 = 𝑐. 
 

Which of the following is correct? 
 

(A)   The contrapositive statement is false and the converse statement is false.  

(B)   The contrapositive statement is false and the converse statement is true.  

(C)   The contrapositive statement is true and the converse statement is false.    
 
(D)  The contrapositive statement is true and the converse statement is true.  

 
 
  

L
1

√3 − 2𝑥 − 𝑥"
	𝑑𝑥	 ? 
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QUESTION 7 
 

Which of the following is an expression for 𝑒*!+ + 𝑒*+ ? 
 

(A)   2𝑠𝑖𝑛𝜃	𝑒*"+     

(B)   2𝑐𝑜𝑠𝜃	𝑒*"+ 

(C)  2𝑠𝑖𝑛2𝜃	𝑒*+       
 
(D)  2𝑐𝑜𝑠2𝜃	𝑒*+  

 
 

 
 
QUESTION 8 
 

The points 𝐴, 𝐵, 𝐶 are collinear where 𝑂𝐴88888⃗ = 𝒊 − 𝒋, 𝑂𝐵88888⃗ = −3𝒋 − 𝒌 and 𝑂𝐶88888⃗ = 2𝒊 + 𝑎𝒋 + 𝑏𝒌 
for some constants 𝑎 and 𝑏.  What are the values of 𝑎 and 𝑏? 

 
(A)   𝑎 = −1 and 𝑏 = −1     

(B)   𝑎 = −1 and 𝑏 = 1 

(C)   𝑎 = 1 and 𝑏 = −1  
 
(D)  𝑎 = 1 and 𝑏 = 1 

 
 
QUESTION 9 
 

If			   ,     what is the value of    ? 
 

 
(A)   −𝑘 

(B)   5 − 𝑘 

(C)   𝑘 + 5    
 
(D)  𝑘 

 
 
  

L 𝑓(𝑥)𝑑𝑥 = 𝑘
,

#
 L 𝑓(5 − 𝑥)𝑑𝑥

,

#
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QUESTION 10 
 

A stone is projected from a point 𝑂 on flat ground with speed 𝑉√2	ms'# at an angle 45° above the 
horizontal.  The stone moves in a vertical plane under gravity where the acceleration due to gravity is 
𝑔	ms'".  Air resistance may be neglected.  
At time 𝑡 seconds the position vector of the stone relative to 𝑂 is 𝒓(𝒕) = 𝑉𝑡𝒊 + D𝑉𝑡 − #

"
𝑔𝑡"E 𝒋.  

Which one of the following about the trajectory of the stone is correct? 
 

(A)   Its horizontal range is 2 times its maximum height.     

(B)   Its horizontal range is 3 times its maximum height. 

(C)   Its horizontal range is 4 times its maximum height.  
 
(D)  Its horizontal range is 5 times its maximum height. 

 
 

END OF SECTION I 
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Section II  
 
90 marks  
Attempt Questions 11 – 16  
Allow about 2 hours 45 minutes for this section 
 
Answer each question in the booklets provided. Extra writing booklets are available.  
 
 
             Marks  

QUESTION 11 (15 marks)  Start a new writing booklet 
 
 
(a) The complex numbers 𝑧 and 𝑤 are represented on the Argand diagram by the points 

𝑍 and 𝑊 respectively.  𝑧 = 2 + 2𝑖√3 and the point 𝑊 is obtained by rotating the  
point 𝑍 in a clockwise direction about the origin through an angle of 90°. 
 
(i) Find 𝑧 and 𝑤 in modulus-argument form. 2 

 

(ii) Find 𝑧𝑤 and 
!
"

 in modulus-argument form. 2 
  

 
 
 
(b) (i)        Find    2  
 
 

(ii)   
 3 
   

 
 
 
 
 

 
(c) Consider the equation 𝑧! − 11𝑧" + 55𝑧 − 125 = 0.  

 
 
(i)   Find the three roots of the equation in the form 𝑎 + 𝑖𝑏, where 𝑎, 𝑏 are real. 3 

 
(ii)   Show that the points 𝐴, 𝐵 and 𝐶 in the Argand diagram representing these roots 3 

lie on a circle of the form |𝑧| = 𝑘 for some constant 𝑘, and find the area of Δ𝐴𝐵𝐶. 
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𝐼- = L (1 − 𝑙𝑛𝑥)-𝑑𝑥		for	𝑛 = 0, 1, 2, …
.

#
 

 
QUESTION 12 (15 marks)  Start a new writing booklet 
 
(a)   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The graph shows the displacement 𝑥 cm from the centre of motion at time 𝑡 seconds for a  
particle performing Simple Harmonic Motion in a straight line. 
 
(i) Find an expression for 𝑥 as a function of 𝑡.       2  

 
(ii) Find the distance travelled by the particle in the first minute of its motion after        2  

observation began at time 𝑡 = 0. 
 
 
(b)  

(i) Find real numbers 𝑎, 𝑏 and 𝑐 such that 3 
 

1
𝑥"(𝑥 − 1) =

𝑎
𝑥 +

𝑏
𝑥" +

𝑐
𝑥 − 1	. 

 
(ii) Hence find 2 

L
1

𝑥"(𝑥 − 1) 	𝑑𝑥 

 
 
 
 

(c)       
If   

     
    show that 𝐼- = −1 + 𝑛𝐼-'#		 
 
 
 

(d)       Use Mathematical Induction to prove that  3 

i1 −
1
2"j i1 −

1
3"j… i1 −

1
𝑛"j =

𝑛 + 1
2𝑛 	for	𝑛 ≥ 2 

 
 

3 
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QUESTION 13 (15 marks)  Start a new writing booklet 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In Δ𝑂𝐴𝐵, 𝐵𝐸 is the altitude from 𝐵 to 𝑂𝐴 and 𝐴𝐹 is the altitude from 𝐴 to 𝑂𝐵.        3 
 
𝑀,𝑁 are the midpoints of 𝑂𝐴, 𝑂𝐵	respectively.  𝑂𝐴88888⃗ = 𝑎p and 𝑂𝐵88888⃗ = 𝑏q . 
Use vector methods to show that |𝑂𝑀| × |𝑂𝐸| = |𝑂𝑁| × |𝑂𝐹|. 

 
 
(b)    A body of mass 𝑚 kg is travelling in a horizontal straight line so that the resultant 

force on the body is a resistance force of magnitude #
#/
𝑚√1 + 𝑣 when its speed is 

𝑣	ms'#.  Initially the speed of the body is 15	ms'#. 
 
(i) Find the time taken for the body to come to rest. 3 

 
(ii) Find the distance travelled by the body in coming to rest. 3 

 
 

(c)    Consider the lines 𝐿#, 𝐿" determined by the vector equations 
 

𝐿# ∶ 		𝒓 = v
3
2
−1
w + 𝜆v

2
−1
1
w  and  𝐿" ∶ 		𝒓 = v

−1
1
0
w + 𝜇 v

1
1
−1
w  

 
         Show that 𝐿# and 𝐿" intersect and are perpendicular, stating the coordinates of the 3 
         point of intersection. 

 
(d)     (i)       Find the parametric equations of the line through (−2, 1, 2) that is parallel to  2 
               𝒗 = 2𝒊 − 𝒋 + 3𝒌. 
 

(i)     Determine whether either of the points (1, 2, 3) or (−6, 3, −4) lie on this line. 1 
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QUESTION 14 (15 marks)  Start a new writing booklet 
 
(a) (i)      Use de Moivre’s Theorem to show that 3 

  
𝑐𝑜𝑠5𝜃 = 16 cos0 𝜃 − 20 cos! 𝜃 + 5𝑐𝑜𝑠𝜃 

 
 

(ii) Solve the equation 𝑐𝑜𝑠5𝜃 = −1		for	0 ≤ θ ≤ 2π.          4  
 
Hence show that 

 

cos
𝜋
5 + cos

3𝜋
5 =

1
2 

 
and that	

cos
𝜋
5 cos

3𝜋
5 = −

1
4. 

 
 
(b) 𝑃(6, 3, −4), 𝑄(3, 1, 1) and 𝑅(2,−1, 3) are the vertices of a triangle. 4 

Find the size of the largest angle (to the nearest minute).  
 
 

(c) (i)       Show that  2 
𝑛

𝑛 + 1
2𝑛𝐶

𝑛
= 2𝑛𝐶

𝑛 − 1
		for	𝑛 ≥ 1 

 
(ii)      Hence show that  2 

1
𝑛 + 1

2𝑛𝐶
𝑛
		is	an	integer	for	𝑛 ≥ 1 
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QUESTION 15 (15 marks)  Start a new writing booklet 
 
(a) Use the substitution 𝑡 = tan $

"
 to find in simplest exact form the value of 4 

 

L
1

3 + 5𝑠𝑖𝑛𝑥 	𝑑𝑥
&
"

/
 

 
 
(b)      
 
 
 
 
 
 
 
 
 
 
 
 
 
  

A semicircle is drawn on diameter 𝐴𝐵.   𝑂 is the midpoint of 𝐴𝐵 and points 𝐶 and 𝐷 lie on 𝐴𝐵 
such that 𝐴𝐶 = 𝐵𝐷.  Parallel lines are drawn through 𝐶 and 𝐷 intersecting the semicircle at 
𝑃 and 𝑄 respectively.  𝑂𝐶88888⃗ = 𝑐̃ and 𝐶𝑃88888⃗ = 𝑝p. 
 
(i) Explain why 𝐷𝑄888888⃗ = 𝜆𝑝p for some scalar 𝜆 > 0             1 

 
(ii) Hence show that (1 − 𝜆)𝑝p. 𝑝p + 2𝑐̃. 𝑝p = 0.             3 
 

 
 
 
(c)   Prove by contradiction that log0 7 	is	irrational             3  

 
 
 

(d)       A particle moves in a straight line.  At time 𝑡 seconds the particle has a displacement 
of 𝑥	m,	a velocity of 𝑣	ms'# and acceleration 𝑎	ms'".  Initially the particle has 
displacement 0 m and velocity 2	ms'#.		  The acceleration is given by 𝑎 = −2𝑒'$. The 
velocity of the particle is always positive.  
 
(i) Show that 𝑣 = 2𝑒'

!
".               𝟐 

 
(ii) Find an expression for 𝑥 as a function of 𝑡.                2 
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QUESTION 16 (15 marks)  Start a new writing booklet 
 
(a)  

                        
(i) Show that, for all positive values of 𝑥	and	𝑦,                      1 

 
𝑥 + 𝑦
2 ≥ �𝑥𝑦 

 
(ii) Hence prove that               2  

    (𝑏 + 𝑐)(𝑐 + 𝑎)(𝑎 + 𝑏) ≥ 8𝑎𝑏𝑐 

   
  
  
(b)   The displacement of a particle at time 𝑡 is 𝑥, measured from a fixed point O        5  

where 𝑎, 𝑐 are positive constants. If 
𝑑𝑥
𝑑𝑡 = 𝑎(𝑐" − 𝑥") 

 
and 𝑥 = 0 when 𝑡 = 0, prove that 

𝑥 =
𝑐(𝑒"123 − 1)
𝑒"123 + 1 . 

 
If 𝑥 = 3 when 𝑡 = 1, and 𝑥 = 40

#4
 when 𝑡 = 2, show that 𝑐 = 5 and evaluate 𝑎. 

   
 

(c)      Find an expression for                4  

Lsec! 𝜃	𝑑𝜃 

 

 

(d)       If 𝑝, 𝑞 and 𝑟 are positive real numbers and 𝑝 + 𝑞 ≥ 𝑟, prove that           3 

𝑝
1 + 𝑝 +

𝑞
1 + 𝑞 −

𝑟
1 + 𝑟 ≥ 0 

 

 

 

END OF PAPER. 
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Section I  
 
10 marks  
Attempt Questions 1 – 10 
Allow about 15 minutes for this section 
 
Use the multiple-choice answer sheet for Questions 1 - 10.  
 
 
QUESTION 1 
 

Of the following, select the statement that is TRUE for all real numbers 𝑥 and 𝑦: 
 

(A)   If 𝑥! > 𝑦!, then 𝑥 > 𝑦	     

(B)   If 𝑥" > 𝑦", then 𝑥 > 𝑦	   

(C)   If 𝑥 > 𝑦, then #
$
< #

%
	       

 
(D)  If |𝑥| > |𝑦|, then 𝑥 > 𝑦 

 
 
QUESTION 2  
 

Given that |𝑧 − 2| = 2 and arg(𝑧 − 2) = "&
!

, which of the following is an expression for 𝑧? 
 

(A)   𝑧 = 1 + 𝑖√3     

(B)   𝑧 = 22 + √33 + 𝑖 

(C)   𝑧 = 22 − √33 + 𝑖   
 
(D)  𝑧 = 3 + 𝑖√3 

 
 
 
QUESTION 3 
 

𝑂𝐴𝐵𝐶 is a rectangle with 𝑂𝐴88888⃗ = 3𝒊 − 2𝒋 + 2𝒌 and 𝑂𝐶88888⃗ = 6𝒊 + 4𝒋 + 𝑎𝒌 for some  

constant 𝑎.  What is the value of 𝑎? 

 
(A)   −2   

(B)   −3 

(C)   −5     
 
(D)  −6 

 

AACBA  CBDDC 
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QUESTION 4 
 

Which of the following is an expression for  
 
 

(A)   sin'# D$'#
"
E + 𝐶     

(B)   sin'# D$(#
"
E + 𝐶 

(C)   sin'# D$'#
√"
E + 𝐶   

 
(D)  sin'# D$'#

√"
E + 𝐶 

 
 
QUESTION 5 

 
A particle is moving in a straight line with Simple Harmonic Motion.  At any time 𝑡 seconds it has 
displacement 𝑥 metres from a fixed point on the line and velocity 𝑣	ms'# given by 
𝑣" = 9 − 4(𝑥 − 1)".  What is the amplitude of the motion? 
 
(A)   1.5	metres       

(B)   2	metres 

(C)   2.5	metres     
 
(D)  3	metres 

 
 
QUESTION 6 
 

Consider the statement 
 

For any function f(x), f(x) is not continuous at 𝑥 = 𝑐 Þ f(x) is not differentiable at 𝑥 = 𝑐. 
 

Which of the following is correct? 
 

(A)   The contrapositive statement is false and the converse statement is false.  

(B)   The contrapositive statement is false and the converse statement is true.  

(C)   The contrapositive statement is true and the converse statement is false.    
 
(D)  The contrapositive statement is true and the converse statement is true.  

 
 
  

L
1

√3 − 2𝑥 − 𝑥"
	𝑑𝑥	 ? 
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QUESTION 7 
 

Which of the following is an expression for 𝑒*!+ + 𝑒*+ ? 
 

(A)   2𝑠𝑖𝑛𝜃	𝑒*"+     

(B)   2𝑐𝑜𝑠𝜃	𝑒*"+ 

(C)  2𝑠𝑖𝑛2𝜃	𝑒*+       
 
(D)  2𝑐𝑜𝑠2𝜃	𝑒*+  

 
 

 
 
QUESTION 8 
 

The points 𝐴, 𝐵, 𝐶 are collinear where 𝑂𝐴88888⃗ = 𝒊 − 𝒋, 𝑂𝐵88888⃗ = −3𝒋 − 𝒌 and 𝑂𝐶88888⃗ = 2𝒊 + 𝑎𝒋 + 𝑏𝒌 
for some constants 𝑎 and 𝑏.  What are the values of 𝑎 and 𝑏? 

 
(A)   𝑎 = −1 and 𝑏 = −1     

(B)   𝑎 = −1 and 𝑏 = 1 

(C)   𝑎 = 1 and 𝑏 = −1  
 
(D)  𝑎 = 1 and 𝑏 = 1 

 
 
QUESTION 9 
 

If			   ,     what is the value of    ? 
 

 
(A)   −𝑘 

(B)   5 − 𝑘 

(C)   𝑘 + 5    
 
(D)  𝑘 

 
 
  

L 𝑓(𝑥)𝑑𝑥 = 𝑘
,

#
 L 𝑓(5 − 𝑥)𝑑𝑥

,

#
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QUESTION 10 
 

A stone is projected from a point 𝑂 on flat ground with speed 𝑉√2	ms'# at an angle 45° above the 
horizontal.  The stone moves in a vertical plane under gravity where the acceleration due to gravity is 
𝑔	ms'".  Air resistance may be neglected.  
At time 𝑡 seconds the position vector of the stone relative to 𝑂 is 𝒓(𝒕) = 𝑉𝑡𝒊 + D𝑉𝑡 − #

"
𝑔𝑡"E 𝒋.  

Which one of the following about the trajectory of the stone is correct? 
 

(A)   Its horizontal range is 2 times its maximum height.     

(B)   Its horizontal range is 3 times its maximum height. 

(C)   Its horizontal range is 4 times its maximum height.  
 
(D)  Its horizontal range is 5 times its maximum height. 

 
 

END OF SECTION I 
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MULTIPLE CHOICE DETAILED SOLUTIONS 
 

 

 
 
 

Function needs to be monotonic increasing or decreasing so that if 𝑎 ≥ 𝑏 then 
𝑓(𝑎) ≥ 𝑓(𝑏).  Only option A satisfies this requirement. 

A 
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QUESTION 11 
 

(a)  (i)

 
 
 

(a) (ii)  
 
 
 
 
 
 

(b) (i) 

L
𝑥

√1 + 3𝑥"
	𝑑𝑥 

=
1
6L6𝑥

(1 + 3𝑥")
'#"
𝑑𝑥 

=
1
6
(1 + 3𝑥")

#
" × 2 + 𝐶 

=
1
3
`1 + 3𝑥" + 𝐶 

(b)(ii)  
  

L 𝑡𝑎𝑛𝑥	𝑑𝑥
&
,

-
 

= [ln 𝑐𝑜𝑠𝑥]
0
𝜋
4

 

= 𝑙𝑛1 − ln g
1
√2
h 

=
1
2 𝑙𝑛2 

 
 

(c) (i)  
𝑧! − 11𝑧" + 55𝑧 − 125 = 0 

𝑃(5) = 0	ℎ𝑒𝑛𝑐𝑒	(𝑧 − 5)	𝑖𝑠	𝑎	𝑓𝑎𝑐𝑡𝑜𝑟 
 

𝑧! − 11𝑧" + 55𝑧 − 125 = (𝑧 − 5)(𝑧" + 𝑎𝑧 + 25) 
Equating terms in 𝑧": 

−11 = 𝑎 − 5 
Hence 

𝑎 = −6 
 

(𝑧 − 5)(𝑧" − 6𝑧 + 25) = 0 
 

𝑧 = 5, 𝑧 = 3 ± 4𝑖 
 
 



 

  KWS Year 12 Mathematics Extension 2 Trial HSC examination 2022 Page 9 of 27 
 

QUESTION 12 
 
(a)(i) 
 

 
 
(a)(ii) 
 

 
 
 
(b)(i) 
 

1
𝑥"(𝑥 − 1) =

𝑎
𝑥 +

𝑏
𝑥" +

𝑐
𝑥 − 1	. 

1 = 𝑎𝑥(𝑥 − 1) + 𝑏(𝑥 − 1) + 𝑐𝑥" 
Subst 𝑥 = 1 

𝟏 = 𝒄 
Equate coeffs of 𝑥" 

𝑎 + 𝑐 = 0 
𝒂 = −𝟏 

Equate constants: 
1 = −𝑏 
𝒃 = −𝟏 

1
𝑥"(𝑥 − 1) =

−1
𝑥 −

1
𝑥" +

1
𝑥 − 1 

 
(b)(ii) 

L
1

𝑥"(𝑥 − 1) 𝑑𝑥 

= L−
1
𝑥 −

1
𝑥" +

1
𝑥 − 1 	𝑑𝑥 

= −𝑙𝑛𝑥 +
1
𝑥 + ln

(𝑥 − 1) + 𝐶 

=
1
𝑥 + ln g

𝑥 − 1
𝑥 h + 𝐶 
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(c) 
 

 
(d)  To prove that 
 

g1 −
1
2"h g1 −

1
3"h… g1 −

1
𝑛"h =

𝑛 + 1
2𝑛 	for	𝑛 ≥ 2 

 
𝑛 = 2 

𝐿𝐻𝑆 = 1 −
1
2" =

3
4 

𝑅𝐻𝑆 =
3
4 

Hence true for 𝑛 = 2 
 
Assume true for 𝑛 = 𝑘, i.e. assume that 
 

g1 −
1
2"h g1 −

1
3"h…g1 −

1
𝑘"h =

𝑘 + 1
2𝑘 ……… . (𝐴) 

 
To prove true for 𝑛 = 𝑘 + 1 i.e. that 
 

g1 −
1
2"h g1 −

1
3"h… g1 −

1
𝑘"h g1 −

1
(𝑘 + 1)"h =

𝑘 + 2
2(𝑘 + 1)……… . (𝐵) 

 
LHS of equation (B) 

= g1 −
1
2"h g1 −

1
3"h…g1 −

1
𝑘"h g1 −

1
(𝑘 + 1)"h 

= g
𝑘 + 1
2𝑘 h g1 −

1
(𝑘 + 1)"h 		using	assumption	(𝐴) 

= g
𝑘 + 1
2𝑘 h �

(𝑘 + 1)" − 1
(𝑘 + 1)" � 

= g
𝑘 + 1
2𝑘 h �

𝑘" + 2𝑘
(𝑘 + 1)"� 

= g
𝑘 + 1
2𝑘 h �

𝑘(𝑘 + 2)
(𝑘 + 1)"� 

=
𝑘 + 2

2(𝑘 + 1) 			as	required 

Hence if true for 𝑛 = 𝑘, then true for 𝑛 = 𝑘 + 1. 
True for 𝑛 = 2, therefore true for all integral 𝑛 ≥ 2. 
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QUESTION 13 
 
(a)   
 

 
 
 
(b)(i) 
 

 
 
 (b)(ii) 
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(c) 
 

 
 
(d)(i)  
 

𝑥 + 2
2 =

𝑦 − 1
−1 =

𝑧 − 2
3 = 𝜆 

Hence 
𝑥 = 2𝜆 − 2, 𝑦 = 1 − 𝜆, 𝑧 = 3𝜆 + 2	 

 
(d)(ii)  
 
 Substituting (1, 2, 3)	gives 	

1 = 2𝜆 − 2, 2 = 1 − 𝜆, 3 = 3𝜆 + 2		

𝜆 =
3
2 ,−1,

1
3 

𝜆	𝑖𝑠	𝑛𝑜𝑡	𝑡ℎ𝑒	𝑠𝑎𝑚𝑒 hence point (1, 2, 3)	does NOT lie on line 
 

Substituting (−6, 3, −4)	gives 	
−6 = 2𝜆 − 2, 3 = 1 − 𝜆,−4 = 3𝜆 + 2		

𝜆 = −2,−2,−2 
𝜆	𝑖𝑠	𝑡ℎ𝑒	𝑠𝑎𝑚𝑒 hence point (−6, 3, −4) DOES lie on line. 
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QUESTION 14 
 
(a)(i) 
 

 
 
(a)(ii) 
 

 
(b) 
 

 
Largest angle is opposite largest side. 
Side lengths: 

𝑃𝑄" = 38 
𝑄𝑅" = 9 
𝑃𝑅" = 81 

PR longest side hence angle PQR is required angle. 
 

𝑃𝑄88888⃗ = −3𝒊 − 2𝒋 + 5𝒌	𝒔𝒐	𝑷𝑸 = √𝟑𝟖 
𝑄𝑅88888⃗ = −𝒊 − 2𝒋 + 2𝒌		𝒔𝒐	𝑸𝑹 = 𝟑 

 

𝑐𝑜𝑠∠𝑃𝑄𝑅 =
3" + 38 − 9"

2 × 3 × √38
 

= −
17
3√38

 

𝜃 = 156°49′ 
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 (c)(i) 
 

 
 
(c)(ii) 
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QUESTION 15 
 
(a) 
 

 
 
(b)(i) & (ii) 
 

 
(c.)   Let log. 7 = 𝑝 and assume this is rational, i.e. of form $

%
. 

7 = 5
$
% 

7% = 5$ 
Which is impossible as all powers of 7 end in a 1, 3, 7 or 9 whereas all powers of 5 end in a 5. 
Hence 𝑙𝑜𝑔.7	𝑖𝑠	𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 
 

(d)(i) 
𝑎 = −2𝑒'$ 

𝑣.
𝑑𝑣
𝑑𝑥 = −2𝑒'$ 

𝑣𝑑𝑣 = −2𝑒'$𝑑𝑥 

L 𝑣𝑑𝑣 = −L 2𝑒'$𝑑𝑥
$

-

/

"
 

𝑣"

2 − 2 = 2𝑒'$ − 2 
𝑣" = 4𝑒'$ 
𝑣 = 2𝑒'

$
" 
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(d)(ii)  
 

𝑣 = 2𝑒'
$
" 

𝑑𝑥
𝑑𝑡 = 2𝑒'

$
" 

1
2 𝑒

$
"𝑑𝑥 = 𝑑𝑡 

L
1
2𝑒

$
"𝑑𝑥 = L 𝑑𝑡

0

-

$

-
 

𝑒
$
" − 1 = 𝑡 
𝑒
$
" = 𝑡 + 1 
𝑥
2 = ln	(𝑡 + 1) 
𝑥 = 2ln	(𝑡 + 1) 
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QUESTION 16 
 
(a)(i) 

𝑠𝑖𝑛𝑐𝑒	(𝑥 − 𝑦)" ≥ 0	 
∴ 𝑥" + 𝑦" ≥ 2𝑥𝑦 

𝑥" + 2𝑥𝑦 + 𝑦" ≥ 4𝑥𝑦 
(𝑥 + 𝑦)" ≥ 4𝑥𝑦 
(𝑥 + 𝑦) ≥ 2`𝑥𝑦 

𝑥 + 𝑦
2 ≥ `𝑥𝑦		𝑎𝑠	𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑. 

 
(a) (ii) 

To prove (𝑏 + 𝑐)(𝑐 + 𝑎)(𝑎 + 𝑏) ≥ 8𝑎𝑏𝑐 
 
From (a)(i), 

𝑏 + 𝑐
2 ≥ √𝑏𝑐 

𝑖. 𝑒. 𝑏 + 𝑐 ≥ 2√𝑏𝑐	 
Similarly, 

𝑐 + 𝑎 ≥ 2√𝑐𝑎 
𝑎 + 𝑏 ≥ 2√𝑎𝑏 

 
Hence 

(𝑏 + 𝑐)(𝑐 + 𝑎)(𝑎 + 𝑏) ≥ 8`𝑎"𝑏"𝑐" 
𝑖. 𝑒.		(𝑏 + 𝑐)(𝑐 + 𝑎)(𝑎 + 𝑏) ≥ 8𝑎𝑏𝑐		𝑎𝑠	𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑. 

(b)  
𝑑𝑥
𝑑𝑡 = 𝑎(𝑐" − 𝑥") 

 
𝑑𝑡
𝑑𝑥 =

1
𝑎 .

1
𝑐" − 𝑥" 

Integrating, 

𝑡 =
1
2𝑎𝑐 ln g

𝑐 + 𝑥
𝑐 − 𝑥h + 𝐶 

𝑡 = 0	𝑤ℎ𝑒𝑛	𝑥 = 0 
𝑐 = 0 

𝑡 =
1
2𝑎𝑐 ln g

𝑐 + 𝑥
𝑐 − 𝑥h 

𝑐 + 𝑥
𝑐 − 𝑥 = 𝑒"120 
𝑐 + 𝑥 = (𝑐 − 𝑥)𝑒"120 

𝑐(2𝑒120 − 1) = 𝑥(𝑒"120 + 1) 

𝑥 =
𝑐(𝑒"120 − 1)
𝑒"120 + 1 		𝑎𝑠	𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑. 

 
𝑥 = 3	𝑤ℎ𝑒𝑛	𝑡 = 1 

 

3 =
𝑐(𝑒"12 − 1)
𝑒"12 + 1 … . (𝑖) 
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𝑥 =
75
17 	𝑤ℎ𝑒𝑛	𝑡 = 2 

 
75
17 =

𝑐(𝑒,12 − 1)
𝑒,12 + 1 … . (𝑖𝑖) 

 
 
From (i), 

𝑐𝑒"12 − 𝑐 = 3𝑒"12 + 3 

𝑒"12 =
𝑐 + 3
𝑐 − 3… . (𝑖𝑖𝑖) 

 
From (ii) 

75𝑒,12 + 75 = 17𝑐𝑒,12 − 17𝑐 

𝑒,12 =
17𝑐 + 75
17𝑐 − 75…		(𝑖𝑣) 

 
Since  

𝑒,12 = (𝑒"12)"		from	(iii)and	(iv)	we	have 
 
 

17𝑐 + 75
17𝑐 − 75 =

(𝑐 + 3)"

(𝑐 − 3)" 

(𝑐" − 6𝑐 + 9)(17𝑐 + 75) = (𝑐" + 6𝑐 + 9)(17𝑐 − 75) 
17𝑐! + 75𝑐" − 102𝑐" − 450𝑐 + 153𝑐 + 675 = 17𝑐! − 75𝑐" + 102𝑐" − 450𝑐 + 153𝑐 − 675 

54𝑐" − 1350 = 0 
𝑐 = 5 

 
𝑒#-1 = 4 
10𝑎 = 𝑙𝑛4 

𝑎 =
1
5 𝑙𝑛2 

 
 
(c) 

𝐿𝑒𝑡	𝐼 = L𝑠𝑒𝑐!𝑥	𝑑𝑥 

= L 𝑠𝑒𝑐𝑥. sec" 𝑥	𝑑𝑥 

= 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 − L𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥. 𝑡𝑎𝑛𝑥𝑑𝑥 

= 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 − L𝑠𝑒𝑐𝑥(sec" 𝑥 − 1)𝑑𝑥 

= 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 − Lsec! 𝑥𝑑𝑥 + L𝑠𝑒𝑐𝑥	𝑑𝑥 

𝐼 = 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 − 𝐼 + ln(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) + 𝐶 
2𝐼 = 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 + ln(𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥) + 𝐶 

Lsec! 𝑥𝑑𝑥 =
1
2
(𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 + ln[𝑠𝑒𝑐𝑥 + 𝑡𝑎𝑛𝑥]) + 𝐶 
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(d) 
 

𝑇𝑜	𝑝𝑟𝑜𝑣𝑒	
𝑝

1 + 𝑝 +
𝑞

1 + 𝑞 −
𝑟

1 + 𝑟 ≥ 0	𝑔𝑖𝑣𝑒𝑛	𝑝 + 𝑞 ≥ 𝑟 

(This is one of many ways) 

𝑝
1 + 𝑝 +

𝑞
1 + 𝑞 −

𝑟
1 + 𝑟 =

𝑝(1 + 𝑞)(1 + 𝑟) + 𝑞(1 + 𝑝)(1 + 𝑟) − 𝑟(1 + 𝑝)(1 + 𝑞)
(1 + 𝑝)(1 + 𝑞)(1 + 𝑟)  

=
𝑝 + 𝑝𝑟 + 𝑝𝑞 + 𝑝𝑞𝑟 + 𝑞 + 𝑞𝑟 + 𝑝𝑞 + 𝑝𝑞𝑟 − 𝑟 − 𝑟𝑞 − 𝑟𝑝 − 𝑝𝑞𝑟

(1 + 𝑝)(1 + 𝑞)(1 + 𝑟)  

=
𝑝 + 2𝑝𝑞 + 𝑞 − 𝑟

(1 + 𝑝)(1 + 𝑞)(1 + 𝑟) 

≥
𝑟 + 2𝑝𝑞 − 𝑟

(1 + 𝑝)(1 + 𝑞)(1 + 𝑟) 		𝑠𝑖𝑛𝑐𝑒	𝑝 + 𝑞 ≥ 𝑟 

=
2𝑝𝑞

(1 + 𝑝)(1 + 𝑞)(1 + 𝑟) 

≥ 0	𝑠𝑖𝑛𝑐𝑒	𝑝, 𝑞, 𝑟 > 0	(𝑔𝑖𝑣𝑒𝑛) 
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Section II  
 
90 marks  
Attempt Questions 11 – 16  
Allow about 2 hours 45 minutes for this section 
 
Answer each question in the booklets provided. Extra writing booklets are available.  
 
 
             Marks  

QUESTION 11 (15 marks)  Start a new writing booklet 
 
 
(a) The complex numbers 𝑧 and 𝑤 are represented on the Argand diagram by the points 

𝑍 and 𝑊 respectively.  𝑧 = 2 + 2𝑖√3 and the point 𝑊 is obtained by rotating the  
point 𝑍 in a clockwise direction about the origin through an angle of 90°. 
 
(i) Find 𝑧 and 𝑤 in modulus-argument form. 2 

 

(ii) Find 𝑧𝑤 and 
!
"

 in modulus-argument form. 2 
  

 
 
 
(b) (i)        Find    2  
 
 

(ii)   
 3 
   

 
 
 
 
 

 
(c) Consider the equation 𝑧! − 11𝑧" + 55𝑧 − 125 = 0.  

 
 
(i)   Find the three roots of the equation in the form 𝑎 + 𝑖𝑏, where 𝑎, 𝑏 are real. 3 

 
(ii)   Show that the points 𝐴, 𝐵 and 𝐶 in the Argand diagram representing these roots 3 

lie on a circle of the form |𝑧| = 𝑘 for some constant 𝑘, and find the area of Δ𝐴𝐵𝐶. 
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𝐼3 = L (1 − 𝑙𝑛𝑥)3𝑑𝑥		for	𝑛 = 0, 1, 2, …
4

#
 

 
QUESTION 12 (15 marks)  Start a new writing booklet 
 
(a)   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The graph shows the displacement 𝑥 cm from the centre of motion at time 𝑡 seconds for a  
particle performing Simple Harmonic Motion in a straight line. 
 
(i) Find an expression for 𝑥 as a function of 𝑡.       2  

 
(ii) Find the distance travelled by the particle in the first minute of its motion after        2  

observation began at time 𝑡 = 0. 
 
 
(b)  

(i) Find real numbers 𝑎, 𝑏 and 𝑐 such that 3 
 

1
𝑥"(𝑥 − 1) =

𝑎
𝑥 +

𝑏
𝑥" +

𝑐
𝑥 − 1	. 

 
(ii) Hence find 2 

L
1

𝑥"(𝑥 − 1) 	𝑑𝑥 

 
 
 
 

(c)       
If   

     
    show that 𝐼3 = −1 + 𝑛𝐼3'#		 
 
 
 

(d)       Use Mathematical Induction to prove that  3 

g1 −
1
2"h g1 −

1
3"h… g1 −

1
𝑛"h =

𝑛 + 1
2𝑛 	for	𝑛 ≥ 2 

 
 

3 
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QUESTION 13 (15 marks)  Start a new writing booklet 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In Δ𝑂𝐴𝐵, 𝐵𝐸 is the altitude from 𝐵 to 𝑂𝐴 and 𝐴𝐹 is the altitude from 𝐴 to 𝑂𝐵.        3 
 
𝑀,𝑁 are the midpoints of 𝑂𝐴, 𝑂𝐵	respectively.  𝑂𝐴88888⃗ = 𝑎¤ and 𝑂𝐵88888⃗ = 𝑏¥ . 
Use vector methods to show that |𝑂𝑀| × |𝑂𝐸| = |𝑂𝑁| × |𝑂𝐹|. 

 
 
(b)    A body of mass 𝑚 kg is travelling in a horizontal straight line so that the resultant 

force on the body is a resistance force of magnitude #
#-
𝑚√1 + 𝑣 when its speed is 

𝑣	ms'#.  Initially the speed of the body is 15	ms'#. 
 
(i) Find the time taken for the body to come to rest. 3 

 
(ii) Find the distance travelled by the body in coming to rest. 3 

 
 

(c)    Consider the lines 𝐿#, 𝐿" determined by the vector equations 
 

𝐿# ∶ 		𝒓 = §
3
2
−1
¨ + 𝜆§

2
−1
1
¨  and  𝐿" ∶ 		𝒓 = §

−1
1
0
¨ + 𝜇 §

1
1
−1
¨  

 
         Show that 𝐿# and 𝐿" intersect and are perpendicular, stating the coordinates of the 3 
         point of intersection. 

 
(d)     (i)       Find the parametric equations of the line through (−2, 1, 2) that is parallel to  2 
               𝒗 = 2𝒊 − 𝒋 + 3𝒌. 
 

(i)     Determine whether either of the points (1, 2, 3) or (−6, 3, −4) lie on this line. 1 
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QUESTION 14 (15 marks)  Start a new writing booklet 
 
(a) (i)      Use de Moivre’s Theorem to show that 3 

  
𝑐𝑜𝑠5𝜃 = 16 cos. 𝜃 − 20 cos! 𝜃 + 5𝑐𝑜𝑠𝜃 

 
 

(ii) Solve the equation 𝑐𝑜𝑠5𝜃 = −1		for	0 ≤ θ ≤ 2π.          4  
 
Hence show that 

 

cos
𝜋
5 + cos

3𝜋
5 =

1
2 

 
and that	

cos
𝜋
5 cos

3𝜋
5 = −

1
4. 

 
 
(b) 𝑃(6, 3, −4), 𝑄(3, 1, 1) and 𝑅(2,−1, 3) are the vertices of a triangle. 4 

Find the size of the largest angle (to the nearest minute).  
 
 

(c) (i)       Show that  2 
𝑛

𝑛 + 1
2𝑛𝐶

𝑛
= 2𝑛𝐶

𝑛 − 1
		for	𝑛 ≥ 1 

 
(ii)      Hence show that  2 

1
𝑛 + 1

2𝑛𝐶
𝑛
		is	an	integer	for	𝑛 ≥ 1 
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QUESTION 15 (15 marks)  Start a new writing booklet 
 
(a) Use the substitution 𝑡 = tan $

"
 to find in simplest exact form the value of 4 

 

L
1

3 + 5𝑠𝑖𝑛𝑥 	𝑑𝑥
&
"

-
 

 
 
(b)      
 
 
 
 
 
 
 
 
 
 
 
 
 
  

A semicircle is drawn on diameter 𝐴𝐵.   𝑂 is the midpoint of 𝐴𝐵 and points 𝐶 and 𝐷 lie on 𝐴𝐵 
such that 𝐴𝐶 = 𝐵𝐷.  Parallel lines are drawn through 𝐶 and 𝐷 intersecting the semicircle at 
𝑃 and 𝑄 respectively.  𝑂𝐶88888⃗ = 𝑐̃ and 𝐶𝑃88888⃗ = 𝑝¤. 
 
(i) Explain why 𝐷𝑄888888⃗ = 𝜆𝑝¤ for some scalar 𝜆 > 0             1 

 
(ii) Hence show that (1 − 𝜆)𝑝¤. 𝑝¤ + 2𝑐̃. 𝑝¤ = 0.             3 
 

 
 
 
(c)   Prove by contradiction that log. 7 	is	irrational             3  

 
 
 

(d)       A particle moves in a straight line.  At time 𝑡 seconds the particle has a displacement 
of 𝑥	m,	a velocity of 𝑣	ms'# and acceleration 𝑎	ms'".  Initially the particle has 
displacement 0 m and velocity 2	ms'#.		  The acceleration is given by 𝑎 = −2𝑒'$. The 
velocity of the particle is always positive.  
 
(i) Show that 𝑣 = 2𝑒'

!
".               𝟐 

 
(ii) Find an expression for 𝑥 as a function of 𝑡.                2 
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QUESTION 16 (15 marks)  Start a new writing booklet 
 
(a)  

                        
(i) Show that, for all positive values of 𝑥	and	𝑦,                      1 

 
𝑥 + 𝑦
2 ≥ `𝑥𝑦 

 
(ii) Hence prove that               2  

    (𝑏 + 𝑐)(𝑐 + 𝑎)(𝑎 + 𝑏) ≥ 8𝑎𝑏𝑐 

   
  
  
(b)   The displacement of a particle at time 𝑡 is 𝑥, measured from a fixed point O        5  

where 𝑎, 𝑐 are positive constants. If 
𝑑𝑥
𝑑𝑡 = 𝑎(𝑐" − 𝑥") 

 
and 𝑥 = 0 when 𝑡 = 0, prove that 

𝑥 =
𝑐(𝑒"120 − 1)
𝑒"120 + 1 . 

 
If 𝑥 = 3 when 𝑡 = 1, and 𝑥 = 5.

#5
 when 𝑡 = 2, show that 𝑐 = 5 and evaluate 𝑎. 

   
 

(c)      Find an expression for                4  

Lsec! 𝜃	𝑑𝜃 

 

 

(d)       If 𝑝, 𝑞 and 𝑟 are positive real numbers and 𝑝 + 𝑞 ≥ 𝑟, prove that           3 

𝑝
1 + 𝑝 +

𝑞
1 + 𝑞 −

𝑟
1 + 𝑟 ≥ 0 

 

 

 

END OF PAPER. 
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MULTIPLE-CHOICE ANSWER SHEET 
 

For multiple choice questions, choose the best answer A, B, C or D and fill in the correct circle. 
 

1. �A   �B   �C   �D     

2. �A   �B   �C   �D     

3. �A   �B   �C   �D     

4. �A   �B   �C   �D     

5. �A   �B   �C   �D     

6. �A   �B   �C   �D     

7. �A   �B   �C   �D     

8. �A   �B   �C   �D     

9. �A   �B   �C   �D     

10. �A   �B   �C   �D     

     
 
 

 
 
 
 

 

 
 


